We derive the overlap representation of chiral-odd generalized parton distributions using the Fock-state decomposition in the transverse-spin basis. This formalism is applied to the case of light-cone wave functions in a constituent quark model.
chiral-odd quantity, does not contribute to inclusive DIS and is only accessible experimentally when coupled to another chiral-odd partner in the cross section. Several ways have been suggested to measure h 1 [1, 2] . These include the transversely polarized Drell-Yan process [3, 4, 5, 6, 7] , the single-spin asymmetry in semi-inclusive DIS [8] and pp scattering [9] , and the semi-inclusive reaction with two-meson interference fragmentation [10, 11, 12] .
More recently, generalized parton distributions (GPDs) have been defined [13, 14, 15] as non-diagonal hadronic matrix elements of bilocal products of the light-front quark and gluon field operators. They depend on the momentum transferred to the parton, as well as on the average longitudinal momentum, and contain a wealth of information about the internal structure of hadrons, interpolating between the inclusive physics of parton distributions and the exclusive limit of electroweak form factors (for recent reviews, see e.g. [16, 17, 18, 19] ). A complete set of quark GPDs at leading twist include four helicity conserving, usually labeled H, E,H,Ẽ, and four helicity flipping (chiral-odd) GPDs, labeled H T , E T ,H T ,Ẽ T [20, 21] .
In the forward limit, as the momentum transfer vanish, H,H and H T reduce to f 1 , g 1 and h 1 , respectively. Deeply virtual Compton scattering and hard exclusive meson production can give information about the helicity conserving GPDs, and the first experiments have been planned [22, 23] and/or performed [24, 25] . At present there is only one proposal to give access to the chiral-odd GPDs in diffractive double meson production [26] . Although it is not obvious how the chiral-odd GPDs can be directly measured in an experiment, they provide valuable information about the correlation between angular momentum and spin of quarks inside the nucleon [27, 28] .
Starting from first principles as in lattice QCD one can calculate the Mellin moments of GPDs, and first results for the chiral-odd ones have been presented [29, 30] . A variety of model calculations is available for the helicity conserving GPDs [16, 17, 18, 19] . Less attention has been paid up to now to the chiral-odd case. In a simple version of the MIT bag model assuming SU (6) wave functions for the valence quarks in the proton [31] , only the generalized transversity distribution H T was found to be nonvanishing.
In the present paper the chiral-odd GPDs are studied in the overlap representation of light-cone wave functions (LCWFs) that was originally proposed in Refs. [32, 33] within the framework of light-cone quantization. In a fully covariant approach the connection between the overlap representation of GPDs and the non-diagonal one-body density matrix in momentum space has further been explored in Ref. [34] making use of the correct transformation of the wave functions from the (canonical) instant-form to the (light-cone) front-form description. In this way the lowest-order Fock-space components of LCWFs with three valence quarks are directly linked to wave functions derived in constituent quark models (CQMs).
Results for the four helicity conserving GPDs have been obtained [34, 35] , automatically fulfilling the support condition and the particle number and momentum sum rules. Important dynamical effects are introduced by the correct relativistic treatment; as a consequence, e.g., a nonzero anomalous magnetic moment of the nucleon is obtained even when all the valence quarks are accommodated in the s-wave. An effective angular momentum, as required by the arguments of Refs. [36, 37] , is introduced by the boost from the rest frame to the light-front frame producing a nonvanishing unpolarized nonsinglet (helicity-flip) quark distribution.
The paper is organized as follows. In Section 2 the relevant definitions are summarized and the derivation of the overlap representation for the chiral-odd GPDs is presented. In Section 3 we limit ourselves to discuss the valence-quark contribution obtained with LCWFs in a CQM showing the corresponding results for the four chiral-odd GPDs. The forward limit is discussed in the next Section focusing on the transversity distribution, the tensor charge and the angular momentum sum rule for quarks with transverse polarization in an unpolarized nucleon. Concluding remarks are given in the final Section. In an Appendix we give some technical details useful for the explicit calculation with light-front CQM.
II. CHIRAL-ODD GENERALIZED PARTON DISTRIBUTIONS
The chiral-odd GPDs are defined as non-forward matrix elements of light-like correlation functions of the tensor current
where i = 1, 2 is a transverse index, and p (p ′ ) and λ (λ ′ ) are the momentum and the helicity of the initial (final) proton, respectively. In the definition (1) we adopted the conventions of Ref. [21] , i.e. the average momentum transfer is given by
transfer is ∆ µ = p ′µ − p µ , the invariant momentum square is t = ∆ 2 and the skewness parameter is ξ = −∆ + /2P + . We also use the notation
. The link operator normally needed to make the definition (1) gauge invariant does not appear because we choose the gauge A + = 0 and assume that one can ignore the recently discussed transverse components of the gauge field [38, 39] .
The chiral-odd GPDs are off-diagonal in the parton helicity basis. They become diagonal if one changes basis from eigenstates of helicity to eigenstates of transversity. As the transversity basis turns out to be rather convenient to derive the overlap representation of the chiral-odd GPDs in terms of LCWFs, it is worthwhile to show explicitly how the matrix elements which enter into the definition of the chiral-odd GPDs transform from the helicity basis into the tranversity basis.
According to Ref. [21] , the GPDs with helicity flip can be related to the following matrix elements
with the operators O +,− and O −,+ defined by
By using the definitions in Eqs. (1) and (2) and working in the reference frame where the momenta p and p ′ lie in the x − z plane, one can derive the following relations [21] A ++,+− = ǫ
where one has used the relation A −λ ′ −,−λ+ = (−1) λ ′ −λ A λ ′ +,λ− due to parity invariance. In
is the minimum value of −t for given ξ, and ǫ = sgn(
where
In the framework of light-cone quantization, the independent dynamical fields are the so-called "good" LC components of the fields, namely φ = P + ψ with the projector P + = 1 2 γ − γ + . By introducing the helicity basis given by the right-handed (R) and left-handed (L)
projections of the field φ, namely φ R = P R φ = 1 2
easy to see that
This last equation explicitly shows the chirally odd nature of the distributions
Alternatively, one can work in the transversity basis given by the eigenstates of the transverse-x spin-projection operators,
where ↑ (↓) is directed along (opposite to) the transverse directionx. In this basis, it is convenient to consider the following operators
We note that the operator N T is given by difference of the density operators for ↑ and ↓ projections of the transverse polarization, while the off-diagonal matrix elements of the density matrix of the spin in the transversex direction appear in the operator F T [52] . We now introduce the transversity basis for the nucleon spin states, i.e.
and define the following matrix elements
where λ t (λ ′ t ) labels the transverse polarization of the initial (final) nucleon in the ↑ or ↓ direction. Due to parity invariance these matrix elements obey the following relations
and are related to the matrix elements in the helicity basis by
Finally, the chiral-odd GPDs are obtained from the transverse matrix elements through the relations
A. The overlap representation
In the following we will restrict our discussion to the region ξ ≤x ≤ 1 of plus-momentum fractions, where the generalized quark distributions describe the emission of a quark with plus-momentum (x + ξ)P + and its reabsorption with plus-momentum (x − ξ)P + .
The derivation of the overlap representation of the T λtλ ′ t andT λtλ ′ t matrix elements goes along the line described in Ref. [32] for the case of the matrix elements defining the GPDs in the chiral-even sector. Here we report the essential steps of the derivation.
At the light-cone time z + = 0, the Fourier components of φ ↑ are the annihilation operator for an on-shell quark with transverse polarization ↑ (b ↑ ) and the creation operator for an on-shell antiquark with transverse polarization
where 
where Ψ λt,N,β is the momentum LCWF of the N-parton Fock state |N, β; k 1 , . . . , k N . The integration measures in Eq. (17) are defined as
The argument r of the LC wave function represents the set of kinematical variables of the N partons, while the index β labels the parton composition and the transverse spin of each parton. Finally, replacing Eqs. (16) and (17) in the expressions (11) and (12) for the matrix
where s j labels the quantum numbers of the jth active parton, with transverse initial (final) spin polarization µ quarks. The set of kinematical variables r, r ′ are defined as follows: for the final struck quark,
for the final N − 1 spectators (i = j),
and for the initial struck quark
for the initial N − 1 spectators (i = j),
III. THE VALENCE-QUARK CONTRIBUTION
In this section we specialize the results for the chiral-odd GPDs obtained above to the case of N = 3, which corresponds to truncate the Fock expansion of the nucleon state to the parton configuration given by three-valence quarks. In this framework, Eqs. (19) and (20) become
where Ψ λt ({ κ i }, {µ t i }, {τ i }) of the eigenvalue equation in the instant-form as described in Ref. [34] . Separating the spin-isospin component from the space part of the wave function,
we have
where M 0 is the mass of the non-interacting 3-quark system, ω i = (κ
λtµt (R cf (k)) are given by the representation of the Melosh rotation R cf in the transverse-spin space
By assuming a SU(6) symmetric model for the spin-isospin component of the wave function, the summation over the spin and isospin variables in Eqs. (25) and (26) can be cast into a rather compact analytical expression. The final results with some technical details for the derivation are reported in Appendix A.
A. Results
As an application of the general formalism developed in the previous sections we consider the valence-quark contribution to the chiral-odd GPDs calculated starting from an instantform wave function of the proton derived in the relativistic hypercentral quark model of Ref. [41] . This CQM is able to reproduce the basic features of the low-lying nucleon spectrum and was already adopted in previous studies on the helicity conserving GPDs [34, 35] . The structure of the nucleon wave function in this model is SU(6) symmetric for the spin-isospin components and is given by Eq. (27) . Therefore we can use the analytical expressions reported in Appendix A for the summation over spin and isospin variables, whereas the integrations over momenta are performed numerically.
The four calculated chiral-odd GPDs, H and down quarks, respectively, almost overlap the result plotted in Fig. 2 of Ref. [6] for h 1 in the allowed region 0 ≤x ≤ 1. Indeed, the same weak t dependence of H q T as in the MIT bag model is found here. In contrast, the t dependence affects the low-x region and is more pronounced in the cases of E q T andH q T . For largex values the decay of all the distributions towards zero at the boundaryx = 1 is almost independent of t. One can also notice that the combination E q T + 2H q T , more fundamental than E q T itself when discussing spin densities in the transverse plane [27] , is less sizable for down quarks than for up quarks also due to the oscillatory behavior of E Figs. 5 and 6 for down quarks. In all cases the GPDs vanish atx = ξ since in our approach they include the contribution of valence quarks only and we cannot populate the so-called ERBL region with |x| ≤ ξ where quark-antiquark pairs and gluons are important. Therefore, at lowx this gives a strong ξ dependence of the peak position of the distribution, but for largex the ξ dependence turns out to be rather weak. 
IV. THE FORWARD LIMIT AND THE TENSOR CHARGE
In the forward limit ∆ µ → 0 (x → x, with x being the usual Bjorken variable), we immediately see from Eq. (4) that only the quark GPDs H q T can be measured. There they become equal to the quark transversity distributions h q 1 (x). Although the quark GPDs E q T andH q T do not contribute to the scattering amplitude, they remain finite in the forward limit, whereasẼ q T vanishes identically being an odd function of ξ as already noticed [21] . As it is evident from Eqs. (15) and (25), the LCWF overlap representation of H q T (x, 0, 0) for the valence-quark contribution is given by
This expression exhibits the well known probabilistic content of h q 1 , being the probability to find a quark with spin polarized along the transverse spin of a polarized nucleon minus the probability to find it polarized oppositely. Indeed h .1), (A.3)-(A.4) of Ref. [35] , we find
We note that in deriving the expression (33) for M T we used the fact that the average squared momentum of the quarks in thex andŷ directions are the same. A similar result was already obtained in the relativistic CQM calculation of Ref. [42] . In Fig. 7 the helicity and transversity distributions, g 1 and h 1 , obtained as a forward limit of the corresponding GPDs calculated with the hypercentral CQM are compared and plotted together with the nonrelativistic result when Melosh rotations reduce to identity.
The large difference between g 1 and h 1 shows how big is the effect of relativity.
Recalling the expression for the unpolarized parton distribution f q 1 obtained in Ref. [34] , it is easy to see that the following relations hold
which are compatible with the Soffer inequality [43] . In the nonrelativistic limit, corresponding to k ⊥ = 0, and
We note that the relations (35) generalize to the case of parton distributions the results obtained in Refs. [44, 45] for the axial (∆q) and tensor (δq) charges, defined as
respectively. As a matter of fact, by calculating the first moment of the parton distributions in Eq. (35), one recovers the following relations obtained in Refs. [44, 45] 
where ∆q NR is the axial charge in the nonrelativistic limit, i.e. The nucleon tensor charge (37) measures the net number of transversely polarized valence quarks in a transversely polarized nucleon [4, 46] . Because of a nontrivial dynamical dependence of the rotation operators, it differs from the axial charge probed in high-energy processes and related to the net number of longitudinally polarized valence quarks in a longitudinally polarized nucleon. In the MIT bag model and demanding that ∆u − ∆d = 1.257, the tensor charge was fixed at δu = 1.17 and δd = −0.29 [46] . These are remarkably the same numbers obtained in Ref. [44] with a simple harmonic oscillator wave function of the nucleon leading to its axial charge g A = 1.25. Furthermore, in contrast to the axial charge in the bag they are rather close to the nonrelativistic quark model result (see Eq. (39) and Table I ) indicating less susceptibility to relativistic effects in the model. A detailed analysis of QCD sum rules in the presence of an external tensor field [47] gives δu = 1.33 ± 0.53 and δd = 0.04 ± 0.02 at the scale of the nucleon mass. This means that the up quarks dominate the contribution in a transversely polarized proton. In addition, the corresponding isovector The same trend of a dominating up-quark contribution is found also here in Table I with the LCWFs derived from the hypercentral CQM and can be understood by looking at our results in Figs. 1 and 4 . However, the obtained numbers are closer to those derived in the nonrelativistic approach or the MIT bag than those predicted by QCD sum rules, with a nonnegligible negative contribution of the down quark. Although renormalization-scale dependent, the tensor charge is not affected by gluons. Therefore any discrepancy from what one could expect from QCD sum rules can be ascribed to the adopted LCWF that is here SU (6) Another quantity related to the forward limit of chiral-odd GPDS is the angular momentum J x carried by quarks with transverse polarization in thex direction in an unpolarized nucleon at rest. This quantity has recently been shown [28] to be one half of the expectation value of the transversity asymmetry
where the invariant form factors AT 20,Ã T 20 and B T 20 are the second moments of the chiral-odd GPDs [27, 28] :
Using LCWFs derived from the hypercentral CQM we obtain
while using the simple harmonic oscillator wave function of the nucleon as in Ref. [44] , we obtain much larger values:
The same also occurs for the forward matrix element of 2H T + E T , i.e.
The quantity κ q T describes how far and in which direction the average position of quarks with spin in thex direction is shifted in theŷ direction for an unpolarized nucleon [28] . Thus κ q T governs the transverse spin-flavor dipole moment in an unpolarized nucleon and plays a role similar to the anomalous magnetic moment κ q for the unpolarized quark distributions in a transversely polarized nucleon. As a matter of fact, we obtain
Apart from their magnitude, the same sign of κ q T is predicted in both models. This may have an impact on the Boer-Mulders function h ⊥q 1 describing the asymmetry of the transverse momentum of quarks perpendicular to the quark spin in an unpolarized nucleon [49] .
Since for κ T > 0 we expect that quarks polarized in theŷ direction should preferentially be deflected in thex direction, in accordance with the Trento convention [50] For largex a weak dependence on ξ and t is found with opposite sign of H variables is carried out in a similar way as in Ref. [35] for the case of polarized GPDs, by using the explicit expressions of the Melosh-rotation matrices appearing in the initial and final light-cone wave function. As a result, one finds
whereψ
For the functions X in Eq. (A1) we give only the expressions for the real part, since the contribution from the imaginary parts to T q λ ′ λ is vanishing in the reference frame we are working with, where the momenta of the initial and final nucleon lie in the x − z plane. As a result we have 
Re X 00 −+ ( κ ′ , κ) = Re X 00 +− ( κ ′ , κ) 
In the above equations, N( κ), A i and B i , with i = 1, 2, are defined as in Ref. [34] and reported here for convenience
A i = (m + y 
while A 3 and B 3 are given by 
where Re X 00 ++ ( κ ′ , κ) = Re X 00 −− ( κ ′ , κ)
Re X 11 ++ ( κ ′ , κ) = Re 
Re X 00 −+ ( κ ′ , κ) = −Re X 00 +− ( κ ′ , κ)
Re X 11 −+ ( κ ′ , κ) = −Re X 11 +− ( κ ′ , κ) = 
